INTEGRAL GROUP RING OF THE 
MATHIEU SIMPLE GROUP M 12 
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Abstract. We consider the Zassenhaus conjecture for the normalized unit 
group of the integral group ring of the Mathieu sporadic group M12. As a 
consequence, we confirm for this group the Kimmerle's conjecture on prime 
graphs. 



1. Introduction, conjectures and main results 

Let V(ZG) be the normalized unit group of the integral group ring ZG of a 
finite group G. A long-standing conjecture of H. Zassenhaus (ZC) says that every 
torsion unit u G V(ZG) is conjugate within the rational group algebra QG to an 
element in G. 

For finite simple groups the main tool for the investigation of the Zassenhaus 
conjecture is the Luthar-Passi method, introduced in [T7] to solve it for A 5 . Later 
M. Hertweck in [T3] extended the Luthar-Passi method and applied it for the in- 
vestigation of the Zassenhaus conjecture for PSL(2,p n ). The Luthar-Passi method 
proved to be useful for groups containing non-trivial normal subgroups as well. For 
some recent results we refer to [7] [T2l [T4J [13l [15]. Also, some related properties 
and some weakened variations of the Zassenhaus conjecture can be found in p] ITS] 
and [31 HE]. 

First of all, we need to introduce some notation. By #(G) we denote the set 
of all primes dividing the order of G. The Gruenberg-Kegel graph (or the prime 
graph) of G is the graph 7r(G) with vertices labeled by the primes in #(G) and 
with an edge from p to q if there is an element of order pq in the group G. In 
[16] W. Kimmerle proposed the following weakened variation of the Zassenhaus 
conjecture: 

(KC) If G is a finite group then tt(G) = n(V(ZG)). 

In particular, in the same paper W. Kimmerle verified that (KC) holds for finite 
Frobenius and solvable groups. Note that with respect to the so-called p-version 
of the Zassenhaus conjecture the investigation of Frobenius groups was completed 
by M. Hertweck and the first author in [3]. In [BJ [8J (KC) was confirmed for 
sporadic simple groups Mn, M23 and some Janko simple groups. 

Here we continue these investigations for the Mathieu simple group M12. Al- 
though using the Luthar-Passi method we cannot prove the rational conjugacy for 
torsion units of VCZM12), our main result gives a lot of information on partial 
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augmentations of these units. In particular, we confirm the Kimmcrlc's conjecture 
for this group. 

Let G = M12. It is well known (see QUI QU) that |G| = 2 6 • 3 3 • 5 • 11 and 
exp{G) = 2 3 ■ 3 • 5 • 11. Let 

— U2a, <^2o> <-^3a, <-^3o, ^4a ; Wb) ^5a, <^6aj <-^6b) <^8a, ^8b, <^Wai ^llaj ^llb / 

be the collection of all conjugacy classes of M12, where the first index denotes the 
order of the elements of this conjugacy class and C\ = {1}. Suppose u = J2 a g9 G 
V{2,G) has finite order k. Denote by v nt = v n t(u) = £c„ t ( u ) — J2 g ec t a g ^ ne 
partial augmentation of u with respect to C n t- From S.D. Berman's Theorem [2] 
one knows that v\ — a\ = and 

(i) E "* = l - 

c nt ec 

Hence, for any character \ °f G, we get that x{u) — ^2v n tx(h n t), where h n t is a 
representative of the conjugacy class C nt - 
Our main result is the following 

Theorem 1. Let G denote the Mathieu simple group M12. Let u be a torsion unit 
ofV(ZG) of order \u\. The following properties hold: 

(i) If \u\ $ {12,20,24,40}, then \u\ coincides with the order of some element 
geG. 

(ii) If \u\ = 2, then the tuple of the partial augmentations of u belongs to the 
set 

{te vub) e z I 

(0,1), (-2,3), (2,-1), (1,0), (3,-2), (-1,2)}, 

v kx = 0, kx {2a, 2b} }. 

(iii) If \u\ = 3, then the tuple of the partial augmentations of u belongs to the 
set 

{te i/u&) g z I 

tea, ^3b) G { (0, 1), (2, -1), (1, 0), (3, -2), (-1, 2) }, v kx = 0, 

kx <£ {3a, 36} }. 

(iv) If \u\ — 5, then u is rationally conjugate to some g G G; 

(v) If \u\ — 10, then the tuple of the partial augmentations of u belongs to the 
set 

{te ai ^2bi ^3a7 ^367 ^4a? ^46; ^5a? ^60,7 ^667 ^8a, ^867 ^10ai ^llai viib) G Z I 
(^2a, ^2b, ^10a) G { (0, 0, 1), (1, 1, -1)}, Vkx = 0, 

kx {2a, 26, 10a} }. 

(vi) If \u\ — 11, the tuple of the partial augmentations of u belongs to the set 

{te a 7 ^26 7 ^3a7 ^36 : ^4a , ^4b 7 ^5a, ^607 ^667 ^8a; ^867 ^lOa? ^lla? G Z ' I 

(^iia, Hii) G { (0, 1), (2, -1), (1,0), (-1, 2) }, v kx = 0, 

fcz £ {11a, 116} }. 
As an immediate consequence of part (i) of the Theorem we obtain 
Corollary 1. If G = M 12 then tt(G) = n(V(ZG)). 
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2. Preliminaries 

The following result is a reformulation of the Zassenhaus conjecture in terms of 
partial augmentations of torsion units. 

Proposition 1. (see [T7] and Theorem 2.5 in Let u G V(ZG) be of order k. 
Then u is conjugate in QG to an element g G G if and only if for each d dividing 
k there is precisely one conjugacy class C with partial augmentation ec{u d ) ^ 0. 

The next two results now yield that several partial augmentations are zero. 

Proposition 2. (see |17j and Theorem 2.7 in |19j ) Let u be a torsion unit of 
V(ZG). Let C be a conjugacy class of G. If a G C and p is a prime dividing the 
order of a but not the order of u then Sc(u) = 0. 

Proposition 3. (see [T2], Proposition 3.1; [14] , Proposition 2.2) Let G be a finite 
group and let u be a torsion unit in V(ZG). If x is an element of G whose p-part, 
for some prime p, has order strictly greater than the order of the p-part of u, then 
e x {u) = 0. 

Another important restriction on partial augmentations is given by the next 
result, explained in details in [17] and [HE]. 

Proposition 4. (see |17U14j ) Let either p — or p a prime divisor of \G\. Suppose 
that u G V(ZG) has finite order k and assume k andp are coprime in case p ^ 0. If 
z is a primitive k-th root of unity and x is either a classical character or a p-Brauer 
character of G, then for every integer I the number 

(2) X,P) = \ E rf | fc Tr Q(zd)/q { X (u d )z- dl } 

is a non-negative integer. 

Note that if p = 0, we will use the notation fii(u, x, *) for fJ>l(u, Xi 0)- 
Finally, we shall use the well-known bound for orders of torsion units. 

Proposition 5. (see The order of a torsion element u £ V(ZG) is a divisor 
of the exponent ofG. 

3. Proof of the Theorem 

Throughout this section we denote M\i by G. The character table of G, as 
well as the p-Brauer character tables, which will be denoted by 5B€T(p) where 
p G {2,3,5,11}, can be found using the computational algebra system GAP [ID] . 
For the characters and conjugacy classes we will use throughout the paper the same 
notation, indexation inclusive, as used in GAP. 

Since the group G possesses elements of orders 2, 3, 4, 5, 6, 8, 10 and 11, first of 
all we investigate units of some of these orders (except the units of orders 4, 6 and 
8). After this, by Proposition the order of each torsion unit divides the exponent 
of G, so it remains to consider units of orders 12, 15, 20, 22, 33 and 55. We prove 
that no units of all these orders, except for 12 and 20, do appear in V(ZG). 

Now we consider each case separately. 
• Let u be an involution. By ([I]) and Proposition [5] we have that v^ a + ^26 = 1 • 
Applying Proposition 3] to the character xi i we S e t the following system 

W>(«, X2-, *) = s(- h + 11) > 0; Hi(u, X 2, *) = !( h + 11) > 0; 

fi (u, X 2, 3) = i(-2i 2 + 10) > 0; w (u, X 2, 3) = ±(2i 2 + 10) > 0, 
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where ti = V2a — 3^26 and t 2 = v 2a — v 2 b- Obviously, t\ G {2s + 1 | —6 < 
s < 5} and —5 < t 2 < 5. From these restrictions and the requirement that all 
fj,i(u,XjyP) must be non-negative integers we obtain six pairs {y 2a -,v 2 b) listed in 
part (ii) of Theorem [TJ Note that checking conditions of Proposition [4] for all other 
combinations of Xj and p s 0,2,3,5,11, we will not get further restrictions on 
partial augmentations. 

• Let u be a unit of order 3. By ([1]) and Proposition [2] we get v 3a + v 3 b — 1. By 
^ we obtain the system of inequalities 

fi (u, X2, *) = |(2*i + 11) > 0; fi {u, X 4, *) = |(-2ti + 16) > 0, 

where t\ = 2v 3a — v^. Obviously, t\ e {—4, —1, 2, 5, 8}. Using t 2 = v 3a + ^36 = 1 
and the condition that fj,i(u,Xj,p) are non-negative integers, we obtain the five 
pairs (^3a, V3b) listed in part (iii) of Theorem[T] 

• Let u be a unit of order 5. Using Propositions [2] and [3] we obtain that all partial 
augmentations except one are zero. Thus by Proposition [2] the proof of part (iv) of 
Theorem [T] is done. 

• Let u be a unit of order 10. By (QJ and Proposition [2] we have that 

V2a + V 2 b + Vr M + V Wa = 1. 

Now we need to consider the six cases defined by part (ii) of Theorem [1] 

Case 1. x(it 5 ) = x(2a). Applying Proposition |4] we get the system of inequalities 

^{u, X 2,*) = ro(- 4 *i + 14 ) ^ °5 M5(",X2,*) = jk(4t! + 16) > 0; 
fio(u, X 4, *) = j^(4t 2 + 24) > 0; n 5 (u, Xi , *) = ^(-4t 2 + 16) > 0; 
Ho(u, X7, *) = ^(4i 3 + 56) > 0; fi 5 (u, X 7, *) - ^(-4*3 + 44) > 0, 

where h = v 2a -2>v 2h - v 5a + is 10a , t 2 = 4:iy 2a + v 5a -iy Wa and t 3 = 6v 2a + Gv 2b -v 5a + 
v Wa . Clearly, t x G {-4, 1}, t 2 G {-6, -1, 4} and t 3 £ {-14, -9, -4, 1, 6, 11}. From 
these restrictions and the condition for fii(u,Xj,p) to be non-negative integers, we 
obtain only three solutions (—1,0,0,2), (0,0,0,1) and (1,0,0,0), and because of 
the additional inequality /ii(w, X4, *) = (4^% + t'Sa — Kioa + H) > there remains 
only one solution (0, 0, 0, 1). 

Case 2. x(" 5 ) = x(2&). Again by using Proposition [5J we obtain 

IM)(u, X2, *) = ra(- 4 *i + 18 ) ^ °5 A*6(«, X2,*) = ^(4ii + 12) > 0; 
Mo (w, X4, *) = To{4t 2 + 20) > 0; » 5 (u, X i, *) = ^(-4*2 + 20) > 0; 
Ho{u, X 7, *) = ^(4t 3 + 56) > 0; w (u, x 7 , *) = ^(-4t 3 + 44) > 0, 

where ii, t 2 and £3 are defined as in the previous case. From this, it follows that 
h e {-3,2}, t 2 G {-5,0,5} and i 3 G {-14,-9,-4,1,6,11}. Only three 4-tuples 
(—1,1,0,1), (0,1,0,0) and (1,1,0,-1) may satisfy these restrictions and the con- 
dition for Hi(u,Xj,p) to be non-negative integers. After considering additional 
inequalities 

fix(u, X4, *) = i^(4^2a + v 5a - v Wa + 15) > 0; 

IM3(U, X4, 3) = T^(12^2a - 4^b - 8i/ 10a + 14) > 0, 

we can eliminate two more solutions, and so there remains only (1, 1,0, —1). 
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Case 3. x( u5 ) — ~2x(2a) + 3x(26). As above, by Proposition |4] we obtain that 

Mi(u,X2,*) = jo(-ti - 1) > 0; fj, 5 (u, X2 ,*) = jo(h + 4) > 0; 
Ho{u, X 4, *) = ^(4£ 2 + 12) > 0; [i 2 (u, Xi, *) = TjjHa + 7 ) > 0; 
Ho(u, X7, *) = ra( 4 *3 + 56 ) ^ °5 Mb(«, X7, *) = ^j(-4t 3 + 44) > 0, 

where £i, £ 2 and £3 are defined as in the previous case. This yields t\ = — 1, 
*2 € {—3,7} and £ 3 G { — 14, —9, —4, 1,6, 11}, and there are no solutions satisfying 
these restrictions and the condition for /ii(u, Xj,P) 1° be- non- negative integers. 
Case 4. x( u5 ) — 2x(2a) — x(2&). Again, for the same £i, t 2 and £ 3 we have 

/*>(«, X2, *) = Ta(-4h + 10) > 0; fi 2 {u, X 2, *) = ^(ti + 5) > 0; 
Mo(u, X4, *) = ^(4i 2 + 28) > 0; ^(u, X4 , *) = &(-4t 2 + 12) > 0; 
Mo(«, X7, *) = joints + 56) > 0; fi 5 (u, X r, *) = ^(-4* 3 + 44) > 0, 

We have that t x = -5, t 2 G {-7, -2, -3} and £ 3 G {-14, -9, -4, 1, 6, 11}, and, by 
the same arguments as in the previous case, we have no solutions. 
Case 5. xi u5 ) = 3x(2a) — 2x(26). Again, we obtain that 

Vo(u, X2,*) = Jo(-4h + 6) > 0; fi 2 (u, X2, *) = + 1) > 0; 
Mi( u ,X4,*) = joih + 3) > 0; fi 5 (u,X4,*) = ^(-4£ 2 + 8) > 0; 

IM>(u, xr, *) = ra( 4 *3 + 56) > 0; fi 5 (u, X r, *) - ra( _4 *3 + 44 ) ^ °> 

so £i = — 1, t 2 = —3 and £3 G { — 14, —9, —4, 1, 6, 11}, which yields no solutions by 
the same arguments. 

Case 6. x( u5 ) — — x(2a) + 2%(26). Similarly, we get 

MiK X2, *) = jo(-h + 3) > 0; /* 5 (u, X2 , *) = ^(4£ x + 8) > 0; 
Ho(u, X4, *) = ^(4£ 2 + 16) > 0; fi 5 (u, X i, *) = ^(-4£ 2 + 24) > 0; 
Ho(u, xr, *) = to( 4 *3 + 56) > 0; p 6 (u, X r, *) = ^(-4£ 3 + 44) > 0; 

so £1 = 3, £ 2 G {—4, 1,6} and £3 G { — 14, —9, —4, 1,6, 11}. As before, in this case 
too we have no solutions. Thus, part (v) of the Theorem is proved. 

• Let u be a unit of order 11. By JTJ) and Proposition [2] we get v\\ a + Vm = 1. 
Applying Proposition 3] to characters X4 we obtain 

(ii(u, Xi, *) = Tr(6^iia - 5i/n6 + 16) > 0; 
(j, 2 (u, xa, *) = Tr( _ 5^na + 61/116 + 16) > 0; 
Hi(u, Xi, 3) = 3j(7i>n - 4i/n & + 15) > 0; 
M2(wi X4, 3) = yj-(-4i/ii q + 7vub + 15) > 0, 

which admits only the four integer solutions listed in part (vi) of the Theorem, such 
that fii(u, Xi, *)) A*2(w, X4i *) and M 2 (w, Xi, 3) are non-negative integers. 

• Let u be a unit of order 15. By (TTJ and Proposition [2] we have that 



Via + ^36 + ^5a = 1. 
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Since |u 5 | = 3, for any character x of G we need to consider five cases, defined by 
part (iii) of the Theorem. Put 

'(45,45,19,16,8), 



(3) (a,/3,7,<$,K) 



if 
if 
if 
if 
if 



X (u 5 ) = x(3a); 
X (u 5 ) = x(36); 
X (u 5 ) = 2 X (3a) - x (36); 
X (u 6 ) = 3 X (3a) - 2 X (3fe); 
x(w 5 ) = -x(3a) + 2 X (3ft). 



(51,42,13,22,11), 
(39,48,25,10,5), 
(33,51,31,4,2), 
[(57,39,7,28,14), 

By <j2j) we obtain the system of inequalities 

MoK X6, *) = Ts (24^36 + a ) > °; M5(tt, X6, *) = j^(-12^3b + /?) > 0. 

It follows that the integral solution is v^b £ { — 1, 4} if (at, ft) — (39,48), and 

0, if (a, ft) G {(45, 45), (57, 39)}; 
= <1. if (a, /3) = (51,42); 
3, if (a, ft) = (33,51). 



(4) 



Again by (2) we obtain the system of inequalities 

Ho(u,X2, *) = 15(16^30 - 8^ 36 + 8is 5a + 7) > 0; 
^ (w,X4, *) = T5(~16^3a + 8v 3b + 8u 5a + S) > 0; 
(ll(u,X2> *) = Ts( 2 ^3a ~ V 3b + ^5a + «) > 0, 

which has no integral solutions such that (a, /3, 7, <J, k) from ([3]), 1/35 from Q and 
Mi( M )X2j *) are non-negative integers. 

• Let u be a unit of order 22. By {1} and Proposition [2] we have 

V%a + V 2 b + Vila + V\\h = 1- 

Since u 11 has order 2 and w 2 has order 11, by (ii) and (v) of the Theorem we have 
six and four different partial augmentations for these orders, respectively. Thus we 
need to consider altogether 6 • 4 = 24 cases. For any character x of G put 



(a, ft) 



By @ we obtain that 

Mo(w, X2, *) = ^(-10 • (v 2a - 3^2b) + a) > 0; 

X2, *) = s( 10 ' faa - 3^ 26 ) + /?) > 0. 

It is easy to check, that if (a, ft) $ {(10, 12), (22, 0)}, then this system of inequalities 
has no integral solutions such that fii(u,X2, *) are non-negative integers. 

If (a, ft) — (10,12), then from the last system of inequalities we obtain that 
vi a = 3v2b + 1, and put (7,(5) = (50,60). If (a, ft) — (2,20), then from the last 
system of inequalities we get v 2a = 3^26 — 2, and put (7, 8) = (26, 84). 



(11a), x(116), 2 X (llo)- 


X(H6), 


-X(lla) + 


2x(116) }; 


'(10,12) 


if x(u 2 ) 




Xiu 11 ) 


= x(2a); 




(14,8) 


if x(u 2 ) 




Xiu 11 ) 


= x(2&); 




( (22,0) 


if X (u 2 ) 




X(u lr ) 


= -2x(2a) 


+ 3x(26); 


' (6,16) 


if X (u 2 ) 




Xiu 11 ) 


= 2x(2a) - 


x(26); 


(2,20) 


if X (u 2 ) 




Xiu 11 ) 


= 3x(2a) - 


2 X (26); 


,(18,4) 


if X (u 2 ) 




x(« u ) 


= -X(2a) - 


h2 X (2&). 
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Again, using ([2|) in both cases of values of (a, /3) we have 

jtio(u,X8.*) = ^(-50^2a + 70iy 2 b + 7) > 0; 

fXn(u,X8, *) = ^(50^ 2a - 70lS 2 b + S) > 0, 

which has no integer solution such that (7, S) G {(50, 60), (26, 84)} and fXi(u, xs, *) 
are non-negative integers. 

• Let u be a unit of order 33. Obviously, v^ a + + v\\ a + Vub = 1 by (JTJ) 
and Proposition^ Since u 11 has order 3 and u 3 has order 11, by (hi) and (v) of the 
Theorem we have five and four different partial augmentations, respectively. Thus 
we need to consider 20 cases, such that 

x(u 3 ) em x = { -x(Ho) + 2 X (116), x(n&), 

2x(llo)-x(H6), x(no)}; 
x( M n )e{-x(3a) + 2 x (36), x (3a), X (36), 

3 X (3a) - 2 X (36), 2 x (3a) - x (36) }, 



where 


X is a character of the 


group G. Put 












'(15,9), 




x(« u ) 


= x(3a); 








(9,12), 




x(« u ) 


= X(3&)i 




(5) 


(a,/3)= < 


(21,6), 


X x (u 3 )eV\ x , 


x(« u ) 


= 2x(3a) - 


X(36); 






(27,3), 


tf x (u 3 )em x , 


x(« u ) 


= 3x(3a) - 


2x(36); 






(3,15), 


tf x (u 3 )em x , 


x(« u ) 


= -X(3a) H 


- 2 X (36) 


By © 


we obtain the system 


of inequalities 














)= 3^(20 -(2^ 3 a 


- ^3fc) 4 


a) >0; 










) = i(-10-(2*/ 3 


2 - ^3b) 


+ /3)>0. 





It is easy to check that this system of inequalities has no integral solutions such 
that (a, /3) from ([5]) and X2,*) are non-negative integers. 

• Let u be a unit of order 55. By ([1]) and Proposition [2] we have that 

V5a + Vila + Vllb = I- 

Since u 5 has order 11 and by (v) of the Theorem we have four different partial 
augmentations, we need to consider the following four cases: 

X (u 5 ) =x(Ho); x(u 5 ) = -x(Ha) + 2x(llft); 
X(u 5 ) =x(H6); x(u 5 ) = 2x(llo)-x(H6), 

where x 1S a character of G. Again by @ we get in all of these four cases 

A*o(«, X2, *) = ^(40l/ 5a + 15) > 0; 

Ml(">X2,*) = ^(^a + 10) > 0; 

Mn(u, X2, *) = ^MO^a + 10) > 0. 

Clearly, this system of inequalities has no integral solutions such that [1q(u,X2, *), 
A*i( u ,X2,*) and [in(u,X2, *) are non-negative integers. The proof is done. 

□ 

Acknowledgment. The authors are grateful to the referee for his useful com- 
ments. 
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